ISRAEL JOURNAL OF MATHEMATICS 90 (1995), 235-252

EFFECTIVE ANALYSIS OF
INTEGRAL POINTS ON ALGEBRAIC CURVES

BY

YURI BiLu

Department of Mathematics and Computer Science
Ben-Gurion University, Beer Sheva 84105, Israel
and
Université Bordeauzr 2
Mathématiques Stochastiques
F-33076 Bordeaur Cedexr, France

ABSTRACT

Let K be an algebraic number field, S D S a finite set of valuations and
C a non-singular algebraic curve over K. Let z € K(C) be non-constant.
A point P € C(K) is S-integral if it is not a pole of x and |z(P)|, > 1
implies v € S. It is proved that all S-integral points can be effectively
determined if the pair (C,z) satisfies certain conditions. In particular,

this is the case if
(i) =: C — P! is a Galois covering and g(C) > 1;

(i1) the integral closure of Q[z] in Q(C) has at least two units
multiplicatively independent modQ*.

This generalizes famous results of A. Baker and other authors on the

effective solution of Diophantine equations.

Introduction

Let C be a non-singular algebraic curve of genus g = g(C) defined over the field
of all algebraic numbers Q, x € Q(C) non-constant and £ = ¥(z) the set of poles
of z. Let K be an algebraic number field such that both C and z are defined over
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K, and S a finite set of valuations of K, containing the set S, of Archimedean
valuations. Such K and § will be called suitable.
We study in this paper the set of S-integral points

(L.1) C(z,K,S)={PeC(K):|z(P)ly<1lforv¢S}.

The classical theorem of Siegel [S] (see [L1, Ch. 8] for a modern proof) states
that C(z,K, S} is finite provided |£| > 3 or g(C) > 1. In the case g(C) > 2
it is covered by Mordell’s conjecture, proved by Faltings [F], which asserts that
C(K) is finite provided g(C) > 2. Unfortunately, existing proofs of Siegel’s
theorem and Mordell’s conjecture are non-effective, i.e. they do not provide with
any explicit bound for the heights of the points from C(z, K, S) (or C(K)).

In 1966 A. Baker [B1] obtained effective lower bounds for linear forms in the
logarithms of algebraic number. This enabled him to solve effectively certain
types of binary Diophantine equations (realizing an earlier idea of A.O. Gelfond
[G]), i.e. to effectivize Siegel’s theorem in some particular cases. See [Ba2] —
[Bad).

The investigations of A. Baker were supplemented and generalized by other
authors. We refer to [Sp] and [ShT] for historical surveys and extensive bibli-
ography. However, mainly studied were Diophantine equations of two classical
types. The first one is the Thue equation

(1.2) f(z,y) = 4,

f being a form having three distinct linear factors, and A # 0. The second is the

superelliptic equation

(1.3) y" = f(.’l?),
where

@) =a]]@-a)",

a; # a; for ¢ 9é j and the v-tuple ((m:'}"'l)’ ey (m:r:r,,)
(#,1,...,1) or (2,2,1,...,1) (in particular, v > 2).

As was noticed already by Siegel, the case g(C) = 0, |X| > 3 can be reduced
to (1.2). The case g(C) = 1 was considered by A. Baker and J. Coates [BaC] by
reduction to (I1.3). Thus, for curves of genus 0 and 1 Siegel’s theorem is effective.

) is not of the type
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The case g(C) > 2 still remains open (except for the particular cases discussed
here).

V. G. Sprindzuk posed the problem of extending the method of Gelgond-Baker
to classes of Diophantine equations more general than (2) and (3). An attempt
at such an extension was made by H. Kleiman [K], who considered the general
equation f(x,y) = 0, but made some strong assumptions about the polynomial
f(z,y). In the appendix to this paper we formulate Kleiman’s results and show
that they can be deduced from our Theorem A, formulated below.

It will be convenient to introduce the following concept. We say that (C,x) is
a universally effective pair (UEP) if for any suitable K and S

I-4 h‘xP < C7 7K7S7
(1.4) peliBX o (P)<c(Cx )

¢ being effective. Here

h(1: 2(P)), z(P)# oo,

retP) = { 2(P) = oo,

where h(ag: ay) is the absolute logarithmic height on the projective line P*.
Let y be another non-constant element of Q(C). Then a simple argument
shows that
(x) if £(y) C X(x), then for any K, S suitable for the pair (C,x) there exist
L, T, suitable for (C,y) and such that

C(z,K,S) C C(y,L,T).

Moreover, for given C, x, y, K and S these L and T can be effectively con-
structed. Indeed, z and y satisfy an irreducible polynomial equation of the form

n—

m 1

Yy + Z Z ai;z'y’ = 0.
i=0 j=0

Now let L be the extension of K, generated by the coefficients a;; (0 < i < m,

0 < j <n-1),and T the set of valuations of L which either extend the valuations

from S, or satisfy

max [a;;] > 1.
0<i<m | ”l”
0<G<n1

As follows from (%),

(2(y) € Z(z)) = ((C,y) is a UEP = (C,r) is a UEP).
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In particular,
(Z(y) = B(z)) = ((C,y) is a UEP & (C,z) is a UEP).

This gives rise to the following definition. Let ¥ be a non-empty finite subset of
C(Q). We say that (C,X) is a UEP if (C,z) is a UEP for all z with (z) = X,
or, equivalently, for at least one z with ¥(z) = Z.

The classical results mentioned above can be easily formulated in terms of
UEP. For example, (C, %) is a UEP if g(C) = 0 and |E| > 3, or g(C) = 1.
Further, let C be a non-singular model of the superelliptic curve (1.3), and z
the coordinate function. Then (C,z) is a UEP. Finally, let C be a non-singular
model of the Thue curve (1.2), and ¥ = X(z) U X(y). Then (C, ¥) is a UEP.

Each non-constant z € Q(C) is considered also as a (ramified) covering

r:C — PL.
For o € QU {oo} denote
(L.5) eo = g.cd.(e1,...,e),
where (ey,...,e,) are the ramification indices of the points of C' lying above

a. (With a standard abuse of notations, we identify @ € Q with the point
(1: ) € P}(Q), and oo with the point (1: 0).)
The following theorem was originally proved in [Bil], [Bi2], where it is stated

in different terms.

THEOREM A: Assume that
(1.6) Yo (1-exh)> 1L

Then (C, z) is a UEP.

We do not repeat here the proof from [Bil}, [Bi2], but deduce Theorem A from
our general Theorem E, formulated below.

The following result, first proved in [Bi2], is a simple consequence of
Theorem A.

THEOREM B (effective Siegel’s theorem for Galois coverings): Assume that g(C)
> 1 and z: C — P! is a Galois covering. Then (C,z) is a UEP.
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Clearly, Theorems A and B cover the case of superelliptic equations. Theorem
A also implies the above mentioned results of Kleiman (see Appendix). However,
it does not cover Thue equations.

To formulate the main results of this paper we need some additional notations.
Consider the group of ¥-units, i.e. functions 2 € Q(C) such that suppz C X.
This group is isomorphic to Q* & Z?, where p = p(T) satisfies 0 < p(Z) < || - 1.

THEOREM C: Assume that p(X) > 2. Then (C,Y) is a UEP.
As an easy corollary we obtain

THEOREM D: Assume that g(C) > 1. Then there exists ¥ C C(Q) such that

1< min (21,0 [£22))

and (C,X) is a UEP.

Effective theorems for the Thue equation and curves of genus 0 are particular
cases of Theorem C. A natural question arises: is it possible to deduce all known
theorems, formulated in terms of UEP, from a single general principle?

An answer to this question is given by the following generalization of
Theorem C.

THEOREM E: Let ¢: C — C be a finite covering of algebraic curves, unramified
over C ™~ X. Assume that p (‘2) > 2, where & = ¢~Y(X). Then for any z € Q(C)
with ¥(z) = ¥ and any suitable K and S we have

h(P) <c(C, z, K, S, p),
Pl g (P)<e(Cz ®)

¢ being effective.

As we shall see in Sections 3-6, this theorem yields the classically known facts
of universal effectiveness, discussed above, as well as some new results. For
example, let Xt be the modular curve, corresponding to a finite index subgroup
I' < SLy(Z), and j € Q(Xr) the j-invariant. We shall see that (X, j) is a UEP
when I' satisfies rather general conditions. Another application is to curves of
genus 2. Using an idea of Y. Thara [Th], we construct an infinite subset M C C(Q)
with the following property: if |X N M| > 2, then (C,X) is a UEP.

The plan of the paper is as follows. In Section 1 we prove Theorem C, and in

Section 2 we prove Theorems D and E. In Section 3 we show that Theorem E
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implies the classical cases of UEP. In Section 4 we prove Theorems A and B. In

Section 5 we consider modular curves, and in Section 6, curves of genus 2.

Remark 1: P. Vojta [V] applies a similar approach to the study of integral points
on varieties of arbitrary dimension. He proves that under some conditions, similar
to our condition p(X) > 2, the set of integral points is not dense in the Zariski
topology. However, Vojta reduces the problem to the non-effective Roth—Schmidt
theorem and therefore his results are also non-effective. See also a recent paper
of F. Beukers [Be].

Remark 2: We do not obtain here any quantitative results. Quantitative
versions of the results of this paper can be found in the author’s thesis [Bi3].

ACKNOWLEDGEMENT: The late V. G. Sprindzuk was the initiator of this re-
search. D. Berend read the first version of the paper and made a lot of useful
comments. I had valuable discussions with D. Bertrand, Q. Liu, R. Livne and M.
Matignon. Correspondence with Y. Thara led to the result of Section 6. I would
like to thank all of them.

1. Linear forms in logarithms and proof of Theorem C

All known results on the universal effectiveness are based on Baker’s theory of
linear forms in logarithms, and Theorem C is not an exception.

The main result of the theory of linear forms in logarithms, having applications
in Diophantine equations, is the following:

Let ay,...,a, € Q, v be a valuation of the field Q(ay,...,a,) and e > 0. If
for some by,...,b, € Z

(1.1) 0< lab .. -aP — 1] <exp(—eB),

where B = max(|b1], ..., |bn|), then B < c(a,...,an, v, €), ¢ being effective.
Following the first results of Baker [Bal] (for Archimedean v), considerable

advance was made in estimating ¢. The best results known to the author may be

found in [BaW)] for Archimedean v and in [Yu] for non-Archimedean v. However,

as we do not obtain in this paper any quantitative results, it will be sufficient for

our purposes to know only that, if (1.1) is true, then B is effectively bounded.
Now begin the proof of Theorem C. For any P € ¥

(1.2) p(E~N{P}) 21
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Let J = J(C) be the Jacobian of C. Consider the canonical embedding C — J.
We may assume that the origin of the addition law on J belongs to ¥ ~{P}.
In view of (1.2), the points of ¥ ~{P} satisfy at least one non-trivial linear
relation on J. Then [M, Theorem A) shows that there exists such a relation
with effectively bounded coefficients, or equivalently, there exists a non-trivial
(X ~{P})-unit such that the orders of its poles and zeros are effectively bounded.
(This implies, by the way, that the assumption p(¥} > 2 can be effectively
verified.) This enables constructing such a unit effectively, using for this purpose
the constructive versions of Riemann-Roch theorem from [C] or [Scl]. Denote
this unit by zp. As zp(P)} # 0, we may assume zp(P) = 1.

Let x € Q(C) satisfy ¥(x~1) = £. To prove the theorem it is sufficient to show
that (C,z~!) is a UEP. Choose y € Q(C) such that Q(C) = Q(z,y). Then for

oo
i=mp

any P € ¥ we have Puiseux expansion for y of the form y;px'/eP | where
ep = ordp(x), mp = ordp(y), and all the coefficients y;p (i > mp, P € %)
belong to an effectively constructible algebraic number field.

Fix now K and S. Replacing K by its effectively constructible finite extension,
we may assume that y and all zp belong to K(C). Adding to S finitely many
valuations, we may assume that all zp and 3;1 are integral over the ring Rglz ™1},
where Rg is the ring of S-integers of the field K. Then for any P € ¥ and
Q € C(z7 1, K, S), the number zp(Q) is an S-unit of the field K.

By ¢1, ca,... we denote effectively computable values. Take an arbitrary @ €
C(z7 1, K, S). Then either Q € %(z) U (y), in which case h.(Q) < ¢, or for

some valuation v € §

Qs < exp (~31:(Q)).

where s = card S. For this v either |2(Q)], > c2 (and thus h.(Q) < ¢3), or
for all P € X the series Y72 yip(2(Q))/¢" converge in v-metric (we fix a
prolongation of v on Q). In the last case for some P and for some choice of the
value of (z(Q))!/¢7 the corresponding sum will be equal to y(Q). Fix this v, this

P and this choice of (2(Q))/¢7 up to the end of the argument.

We have zp = R(z,y), where R € K(z,y) is rational in z and polynomial in y.
Substituting y = 372 y;px/*P, we obtain the Puiseux expansion of z = zp
at P. By the definition of zp, the expansion is of the form Y .2, z;x'/¢P | where
20 = zp(P) = 1. Again, h,(Q) < cq4 or the series Y o0 z;(z(Q))"/*" converges
in v-metric. In the last case, for the fixed choice of the value of (z(Q))}/¢?, the
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sum is 2(Q). This implies that
2(Q) = 1y < esl(Q)Y/*" < exp (—csha(Q))
As we have seen above, 2(Q) is an S-unit and thus
2(Q) =wal ... .ok,

where t = s — 1, w is a root of unity, b; € Z and aq,...,a, is a basis of the group
of S-units of K.
A simple calculation shows that

B = max |b;| < cgh,(Q)
and on the other side h,{Q) < cgB. By the quazi-equivalence of heights we have

ha(Q) < c10h2(Q) + cn1,
hz(Q) < Cl2hz(Q) + C13.

Now either 2(@) =1 and thus 2,(Q) < ¢4, Or
0< wal . ...-af‘ —1| <cisexp(—cigB).

By the theory of linear forms in logarithms B < ¢37, whence h,(Q) < ¢13, i.e. the
heights of the points from C(z~!, K, §) are bounded by an effectively computable
value. This proves the theorem. |

2. Proof of Theorems D and E

We start from Theorem D. Let P be a Weierstrass point of the curve C. Then
dim £(g P) > 2, i.e. there exists a non-constant z € £(g P). Since g(C) > 0, the
covering z: C — P! is ramified over at least three points of P1. One of them is o,
let ay,as € Q be two more. Put z; = (z — a;)~!. Then |Z(2;)| < g — 1. Clearly,
21 and 2, are multiplicatively independent modQ*. For ¥ = £(z) UE(z2) U{P}
we have || < (2g — 1) and p(T) > 2.

Further, as proved in [KIL], there always exist an effective divisor D with

degDs[g; ]+1 and  dim£(D) > 2.
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Let z be a non-constant element of £(D). Again, the covering z: C — P! is
ramified over at least three distinct points a;, a2, @ € QU {oo}. Put

zZ—«

Z; = ifal, a9, € Q and z = if o = 0.

z—q z—

In the both cases
1
a0 < [g—;ﬂ] and  [S(:r)US(EY)| < [5—;—] .
For
T =3X(2)UZ(z) US(z7H U S(2 )
we have
1
5 < 3 [g—;—} and  p(S) > 2.

The proof of Theorem D is complete. ]

Theorem E follows immediately from Theorem C and the following

PROPOSITION 2.1: Let ¢: C — C be a finite covering of algebraic curves, un-
ramified over C N E. Then for any x € Q(C) and for any suitable K and S there
exist an effectively constructible field K and a finite set S of valuations of K such
that

Here x = x o .

This proposition is the one-dimensional case of the well-known Chevalley—Weil
Theorem. A very explicite version of Proposition 2.1 is proved in [Bi3, Ch.4].
The case of arbitrary dimension is treated in [V, Th.1.4.11]. 1

3. Classical cases

In this section we shall see that Theorems C and E easily imply the classical cases
of UEP, mentioned in the introduction. To distinguish between independent
variables and the corresponding coordinate functions, we denote the former with
the capital letters X, Y, Z,... and the latter with the corresponding small letters.
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Example 3.1: Curves of genus 0. In this case p(X)} = |Z| — 1, therefore (C, L) is
an UEP provided |X| > 3. On the other hand, it is well-known that, if |S(z)| < 2,
then there always exist suitable K and S such that C(z, K, S) is infinite. Thus,
we get the following statement, already mentioned in the introduction:

if g(C) =0, then ((C,X) is a UEP) < (|X| > 3).

Explicit bounds for integral points on curves of genus 0 can be found in [Po]
and [Bi3, Ch.5].

Example 3.2: Curves of genus 1. Let now C be an elliptic curve. Without loss
of generality, the origin of the group law on C belongs to %. Following [L2,
section 3.6], consider an isogeny ¢: C — Cof degree at least 3. For example,
put C = C and let ¢ be the multiplication by 2. Then Kerp C Ciqr, therefore
p(Kerp) = degp — 1 > 2, and, since & = ¢~ 1(Z) D Kery, we have p (i) > 2.
From Theorem E we conclude that (C, ¥) is a UEP for any non-empty ¥.

Unfortunately, this approach does not work if g > 1. Suppose in this case
that C is embedded into its Jacobian J(C). Consider an isogeny ¢: A — J(C),
where A is an abelian variety over Q. Then Kery C Ator, but, in general,
Kerp ¢ J(C)ior, Where C = o~ 1(C).

A very sharp explicit bound for integral points on curves of genus 1 was recently
obtained by W. Schmidt [Sc2]. See also [KT] and [Bi3, Ch.5].

Example 3.3: Thue equation. We shall prove that Theorem C implies an
effective bound for the S-integral solutions of a generalization of Thue equation.
Let

3
(3.1) fXY)= fl(X,Y)H(a¢X+ﬁiY+’Yi)‘A,
i=1
where f1(X,Y) € Q(X,Y) is an arbitrary non-zero polynomial, and

ay [
az B

ay By
az P

ar B

(3.2) Ao

#0.

Fix an algebraic number field K and a finite set of its valuations S O S, and
prove that S-integral solutions of the equation f(x,y) = 0 are effectively bounded.
Let,
fXY) = q1(X,Y) - gi(X,Y)
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be the irreducible decomposition of f(X,Y) over Q. We should prove that for
any g; the S-integral solutions of g;(X,Y) = 0 are effectively bounded. So, let
g(X,Y} be one of the polynomials ¢1,...,9x, and C a non-singular projective
model of the plane curve g(X,Y) = 0. Denote ¥ = E(z) U X(y). It is sufficient
to prove that (C,X) is a UEP. Clearly, 2; = a;z + f;y + 7 are Z-units. We
shall prove that z; and z, are multiplicatively independent mod Q* and hence
p(Z) > 2.

Indeed, we have azz + B3y +v3 = az; + 22+, where a 8 # 0 by (3.2). Hence
we have (21, 29) = 0, where

(21, Zy) = ZhZa (aZy + BZy + v) p1(Z1, Z2) — A,

for some polynomial ¢;(Z1, Z2).

Now suppose that zy, zo are multiplicatively dependent. Then ® (2, 29) = 0,
where & (71, Z5) is a polynomial of one of the types Z}' Z8? — p or ZV' — puZ52.
Here p € Q* and (py, p2) = 1.

Clearly, ¢ (Z1,Z3) and @ (Zy, Z3) have a common factor. But ®(Z,,Z,) is
irreducible, hence ®|¢. However, if ® = Z* — pZ8* and p;, p, > 0, then
®(0,0) =0, and ©(0,0) = —A # 0. If ® = Z7* Z8? — 1y and p; > 0, then, taking
6, satisfying the equation

(—1)P2 (@61 + )P 65 = BP2
and defining
b2 =071 (@b +7),

we have @ (61,8;) = 0, and ¢ (61,02) = —A # 0. In the both cases we get a
contradiction. |

In particular, we have an effective bound for the S-integral solutions of the
equation

Np/x(X +8Y +v) = A,

where L = K(f), [L: K] > 3 and A € K~ 0. In the case S = S, such a bound
also follows from a theorem of Sprindzuk [Sp, §4.5].
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4. Proof of Theorems A and B

We start from Theorem A. We have two possible cases. Either

(i) ea >3, es > 2 for distinct o, B € Q, or

(1) €a; = €a, = €a; = 2 for pairwise distinct a1, az, a3 € Q.

In the case (i), put p = e, ¢ = eg and denote by ¢, £, primitive roots of unity
of degrees p and g respectively. Put also

v=(a=p), t=(z-p)"",
wi=(t—em)" (0<i<q-1)

The extension Q(C) (t,uo,u1) /Q(C) corresponds to a covering ¢: C — C
unramified over C N T, where ¥ = ¥(x). Functions ug, u, satisfy the equation

uf—uf = (g4 —1) 7.

By the method of the previous section we can prove that z; = ug —e;ui (i=10,1)
are S—units multiplicatively independent mod Q*, where £ = ¢~1(X).

In the case (ii) denote t; = Jr —0a; (1=1,2,3),and z; =t; —t3 (1=1, 2).
Again, the extension Q(C) (ty,12,t3) /Q(C) corresponds to a covering ¢: C —
C unramified over C N Y, and 2y, 29 are S-units. If they are multiplicatively
dependent then ® (z1,22) = 0, where ® (Z;, Z,) is as in the previous section.

The functions 21, z2 also satisfy g (23, 22) = 0, where
g(Zl, Z2) = ZfZ2 - leg + (011 — a3) Zg — ((12 - a3) VAR

If we prove that g is irreducible, we shall obtain ® = Ag (A € Q), which is a
contradiction. Hence 2y, zo are multiplicatively independent mod Q*.
To prove that g (Z1, Z3) is irreducible consider its discriminant with respect to
VAR
A(Zy) = Z3 + Z3 (~4ay + 205 + 203) + (az — as)?.

The discriminant of A (Z5) is
4096 (al — a2)2 (02 - Ot3)2 (Otg - a1)2 75 0.

Hence A (Z;) is not a square, and therefore g (Z1, Z3) is irreducible.
Thus, in the both cases we constructed a covering satisfying the conditions of
Theorem E. The proof is complete. |
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Theorem B follows easily from Theorem A. Indeed, in the case of Galois cov-
ering all ramification indices over a point o are equal to e,. Hence we may write

Hurwitz formula as
n
28 -2+2n= Z ;(ea—l).
a€QuU{cc}

Then

> (1—e;1)=1+2g—2+e;1>1,
aEQ "

and we may apply Theorem A. i

Another proof of Theorem B was proposed by R. Dvornicich and U. Zannier
(unpublished).

5. Modular curves

As noted in [KL, Ch.8|, the method of Gelfond-Baker can be applied to effective
analysis of integral points on modular curves.

Let H be the upper half-plane and H = HU Q U {co}. Given a finite index
subgroup I' < SLy(Z), denote by Xr a projective embedding of T' ~ H, defined
over Q (see [L3, Ch.3] and [L4, Ch.6]). We use the standard notation v, = v (T)
for the number of cusps.

PROPOSITION 5.1: Let I" satisfy one of the following conditions:
(a) T is a congruence subgroup and v, (') > 3;
(b) T is torsion-free.

Then (Xr, j) is a UEP, where j € Q(Xr) is the j-invariant.

Before proving the proposition note that its assumption is satisfied for T =
T(N) when N > 2, T =T'1(N) (N > 4),T =To(N) (N is not prime). We refer
to [Sh] and [O] for the definitions and necessary computations. For [(N) (N > 7)
the proposition is proved in [KL, Th.8.1.2]. We can also give an alternative proof
for ' = T'(N). Indeed, if 2 < N < 5, then g(Xr) = 0, voo(I') > 3, and this is
the case of Example 3.1. If N > 6, then g(Xr) > 1, and we can use Theorem B,
because I'(N) is a normal subgroup of SLs(Z).

Proof: (a) Let ¥ = X(j) be the set of cusps. Then by the Manin-Drinfeld
theorem [L3]

p(E) = Z - 1=ve(l) -122,
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and we may use Theorem C. |

(b) Denote IV = T'nI(2). Consider the natural correspondence
© v
XF — X[‘l — *XF(Z)'

Denote by X’ and X" the sets of cusps of X+ and Xr(z) respectively. Then
v =4~ (E"),andso p(T') > p(T") = 2. But T’ = ¢~ }(T), and ¢ is unramified
everywhere outside cusps (because I is torsion-free), so we may use Theorem E.
n

Another proof of (b): Since I is torsion-free, we have e, = 3 for a = 0 and
eg = 2 for § = 1728. Therefore the covering j: Xr — P! satisfies the condition
(1.6), and we may apply Theorem A. |

6. Curves of genus 2

A. Baker’s classical result on effective solution of hyperelliptic equation [Ba4] can
be formulated as follows:

Let C be a hyperelliptic curve and X an orbit of its canonical involution. Then
(C,%) is a UEP.

In particular, if C is hyperelliptic, then (C,X) is a UEP for infinitely many
two-element sets ¥.. The last statement can be strengthened for curves of genus
2. In this case, following an idea of Y. Ihara [I], we construct an infinite set
M C C(Q) with the following property: (C,X) is a UEP for any two-element
subset £ C M.

Let C be a curve of genus 2. Then there exists an unramified double covering
@ C — C, where g(é’) = 3. Let v,: J — J be the induced map of Jacobians.

Let Egy be the zero-component of Ker ¢,. Then dim Eg = 1 and Ker ¢, /Ej is
a finite group. Therefore for any component E of Ker ¢, we have |[EN Jior| = 0.

Let k: C — C be the involution of C' associated with ¢ (that is, the unique

non-constant map satisfying ¢ o & = ¢). Consider the map
P: C—J
P — C1(P - k(P)).

It is non-constant; indeed, ¥( P) belongs to 2-torsion if and only if P is a Weier-
strass point. We have also ¥(C) C Ker ¢,. Hence ¢(C) coinsides with a compo-
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nent of Ker ¢,; denote it by E. Finally, let

M — 7’33_1 (En j¢0r> - G(Q)‘
M = (M) C C(Q).

PROPOSITION 6.1: Let & C C(Q) satisfy | N M| > 2. Then (C,X) is a UEP.
Proof: Let P € M and ¢~ '(P) = {P,, P;}. Then P, — Py € Jior , hence

p(e H(P)) =1

Therefore for any © C C(Q) we have p<§> > |ZN M|, where £ = ¢~ ().
This completes the proof in view of Theorem E. 1

Appendix. The results of H. Kleiman

Let G be the monodromy group of the covering r: C — P1, i.e.
G = Gal (K/Q(x)),

where K is the smallest extension of Q(C), normal over Q(z). We use here
the standard representations of G by permutations of the set {1,...,n}, where
n = degx. A permutation ¢ is stabilizing if 0(¢) = ¢ for some i € {1,...,n}.
Denote by R the integral closure of the ring Q[z] in Q(C). Let A(x) be the
discriminant of R over Q[z). Since A(z) is defined up to a constant multiple, we
may assume that its leading coefficient is 1.
Although the following assertion is not stated explicitly in [K], it can be easily

deduced from the argument on p. 129 of Kleiman’s paper.

ProrosiTiON K1: If
(i) all stabilizing permutations of G are even and
(i1) A(z) has at least 3 distinct roots of odd order,
then (C, ) is a UEP.

Kleiman proves also

PropPOSITION K2 ([K, Th.4]): Let Ko be the smallest field containing the

coeflicients of A(x). Assume that G is imprimitive with two sets of
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imprimitivity, and all Ky-irreducible factors of A(z) are of degree at least 3.
Then {C, z) is a UEP.

We shall prove that Propositions K1 and K2 follow from Theorem A.

Proof of Proposition K1: A permutation o is of the type (ey,...,e,) if it is
a product of s commuting cycles &;,...&; of lenghts ey, ..., es, respectively. Let
now a € P! and ey, ..., e, the ramification indices above @. Then there exists
0 = 04 € G of the type (e1,...,es) [Che, §41].

The condition (i) implies now that, if o, is an odd permutation then all the
numbers e; are even and thus e, > 2. (If some e; is odd, then o& is an odd
permutation, stabilizing the elements of the cycle §;.) The condition (ii) means
that for at least three distinct a € Q, the permutation o, is odd. Thus

i.e. (I.6) holds. |

Proof of Proposition K2: Let I; and I be the imprivitivity sets and
H:{aeG:aIlzh}.

Then [G: H] = 2, therefore [K¥: Q(z)] = 2. Since H contains all stabilizing
permutations from G, K¥ is a subfield of Q(C).

There exists at least one o € Q ramified in K. This implies that 2 | e,. Let
a = ai,...,0n be all conjugates of o over Kg. Thene,, =e, > 2for1 <i<m.
We get

and (1.6) is again satisfied. 1
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